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❢❡r❡❞ ❣r❡❛t❧② ❢r♦♠ t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r t❤❡♦r②✳ P❡❧❡❦❛s✐s ❡t
❛❧✳ ❬✶✽❪ st✉❞✐❡❞ t❤❡ ♠♦t✐♦♥ ♦❢ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❜✉❜❜❧❡s t♦
❡①♣❧❛✐♥ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ st❛❜❧❡ ❜✉❜❜❧❡ ❝❧✉st❡rs ✐♥ ✐♥t❡♥s❡
❛❝♦✉st✐❝ ✜❡❧❞s✳ ❏✐❛♥❣ ❡t ❛❧✳ ❬✶✾❪ r❡♣♦rt❡❞ t❤❡ ❢r❡q✉❡♥❝②
s♣❡❝tr✉♠ ❢r♦♠ t❤❡ ♣r❡ss✉r❡ ❡♠✐tt❡❞ ❜② t✇♦ ✐♥t❡r❛❝t✐♥❣
❜✉❜❜❧❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ str♦♥❣ ❛❝♦✉st✐❝ ✜❡❧❞ ❛♥❞
❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❜✉❜❜❧❡s ❛❞❞s
❛ ♥♦♥❧✐♥❡❛r ❡✛❡❝t ♦♥ t❤❡✐r ♦s❝✐❧❧❛t✐♦♥✳ ❉♦✐♥✐❦♦✈ ❬✷✵❪ ✉s❡❞
t❤❡ ▲❛❣r❛♥❣✐❛♥ ❢♦r♠❛❧✐s♠ t♦ ❝❛❧❝✉❧❛t❡ t❤❡ tr❛♥s❧❛t✐♦♥❛❧
♠♦t✐♦♥ ♦❢ t❤❡ t✇♦ ✐♥t❡r❛❝t✐♥❣ ❜✉❜❜❧❡s ❞✐r❡❝t❧②✿ t❤✐s ❢♦r✲
♠✉❧❛t✐♦♥ ✇✐❧❧ ❜❡ ✉s❡❞ ✐♥ t❤✐s ♣❛♣❡r t♦ ✉♥❞❡rst❛♥❞ t❤❡ ❞②✲
♥❛♠✐❝s ♦❢ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ✐♥ ❛ ❧✐q✉✐❞ ❛❧✉♠✐♥✐✉♠ ♠❡❧t
✉♥❞❡r ✉❧tr❛s♦♥✐❝ tr❡❛t♠❡♥t✳
❲❤✐❧❡ ❝❛✈✐t❛t✐♦♥ ✐s ♥♦t ♥❡❝❡ss❛r② ❢♦r ❞❡❣❛ss✐♥❣ ✐♥ ✇❛t❡r
❬✷✶❪✱ t❤❡ ❡✣❝✐❡♥❝② ♦❢ ✉❧tr❛s♦♥✐❝ ❞❡❣❛ss✐♥❣ ✐♥ ❧✐❣❤t ❛❧❧♦②s
♠❡❧ts ❤❛s ❜❡❡♥ ❢♦✉♥❞ t♦ ❜❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ ❝❛✈✐t❛t✐♦♥ ❞❡✲
✈❡❧♦♣♠❡♥t ❬✶❪✳ ❆ st✉❞② ♦❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ ✐♥t❡r❛❝t✐♥❣
❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ❝❛♥ ❛❧s♦ s❤❡❞ ❧✐❣❤t ♦♥ t❤❡ ❝♦❛❧❡s❝❡♥❝❡
st❛❣❡ ♦❢ t❤❡ ❞❡❣❛ss✐♥❣ ♣r♦❝❡ss ✐♥ ❧✐q✉✐❞ ♠❡❧ts✳ ❯❧tr❛s♦♥✐❝
❞❡❣❛ss✐♥❣ ✐♥ ❧✐q✉✐❞ ♠❡t❛❧s ❝♦♥s✐sts ♦❢ t❤❡s❡ t❤r❡❡ st❛❣❡s
❬✶✱ ✷✶❪✿ ✭✶✮ ❝❛✈✐t❛t✐♦♥ ♥✉❝❧❡✐ s❡❡❞ ❣❛s ❜✉❜❜❧❡s ✇❤✐❝❤ ❣r♦✇
✐♥ t❤❡ ♦s❝✐❧❧❛t✐♥❣ ✉❧tr❛s♦♥✐❝ ✜❡❧❞ t❤r♦✉❣❤ r❡❝t✐✜❡❞ ❞✐✛✉✲
s✐♦♥✱ ✭✷✮ ❜✉❜❜❧❡s ❝♦❛❧❡s❝❡ ❞✉❡ t♦ ❇❥❡r❦♥❡s ❛♥❞ ❇❡r♥♦✉❧❧✐
❢♦r❝❡s✱ ❛♥❞ ✭✸✮ t❤❡② ✜♥❛❧❧② ✢♦❛t t♦ t❤❡ s✉r❢❛❝❡ ❞✉❡ t♦
❜✉♦②❛♥❝②✳
✷D
R R1 2
❋✐❣✉r❡ ✶✿ ●❡♦♠❡tr② ♦❢ ✐♥t❡r❛❝t✐♥❣ ❜✉❜❜❧❡s✳ ❈♦❛❧❡s❝❡♥❝❡
♦❝❝✉rs ✇❤❡♥ D < R1 +R2✳
❍②❞r♦❣❡♥ ✐s ❝❤♦s❡♥ ❛s ✐t ✐s t❤❡ ♠❛✐♥ ❣❛s ❞✐ss♦❧✈❡❞ ✐♥
❧✐q✉✐❞ ❛❧✉♠✐♥✉♠✳ ❚❤❡ ✈❛♣♦r ♣r❡ss✉r❡ ♦❢ ❛❧✉♠✐♥✉♠ ❛t
✐ts ♠❡❧t✐♥❣ ♣♦✐♥t ✐s 0.000 012Pa ❬✷✷❪ ❛♥❞ t❤❡r❡❢♦r❡ ✈❛♣♦r
❜✉❜❜❧❡s ❛r❡ ✉♥❧✐❦❡❧② t♦ ❢♦r♠ ✐♥ t❤❡ ❧✐q✉✐❞ ❜✉❧❦ ❬✷✸❪✳ ❈❛✈✲
✐t❛t✐♦♥ ✐s t❤✉s ♠❛✐♥❧② ❛ttr✐❜✉t❡❞ t♦ ❜♦t❤ t❤❡ ❤②❞r♦❣❡♥✲
❝♦♥t❛✐♥✐♥❣ ✐♥❝❧✉s✐♦♥s ❛♥❞ t❤❡ ❞✐ss♦❧✈❡❞ ❤②❞r♦❣❡♥ t❤❛t
✐s r❡❧❡❛s❡❞ ❢r♦♠ ❛❧✉♠✐♥✉♠ ✇❤❡♥ t❤❡ ❧♦❝❛❧ ♣r❡ss✉r❡ ❞❡✲
❝r❡❛s❡s ❬✶❪✳
❇❡❝❛✉s❡ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ st❛❜❧❡ ❝❛✈✐t❛t✐♥❣ ❜✉❜✲
❜❧❡s ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡✐r r❛❞✐✐ ❬✶✷❪✱ ❜✉❜❜❧❡ s❤❛♣❡
❞✐st♦rt✐♦♥s ❛r❡ ✐❣♥♦r❡❞ ❛♥❞ t❤✐s ♣❛♣❡r ❝♦♥❝❡♥tr❛t❡s s♦❧❡❧②
♦♥ t❤❡ r❛❞✐❛❧ ♠♦t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥❛❧ ♠♦t✐♦♥ ♦❢ ❜✉❜❜❧❡
❝❡♥t❡rs✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② tr✉❡ ❢♦r ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ✐♥
❧✐q✉✐❞ ❛❧✉♠✐♥✉♠✿ t❤❡② t❡♥❞ t♦ st❛② s♣❤❡r✐❝❛❧ ❬✶✷❪ ❞✉❡ t♦
t❤❡ ❧❛r❣❡ ✐♥t❡r❢❛❝✐❛❧ t❡♥s✐♦♥ ❜❡t✇❡❡♥ ❤②❞r♦❣❡♥ ❛♥❞ ❧✐q✉✐❞
❛❧✉♠✐♥✉♠ ❬✶❪✳
■■✳ ❚❍❊❖❘❨
❚❤❡ ❡q✉❛t✐♦♥s ♦❢ r❛❞✐❛❧ ❛♥❞ tr❛♥s❧❛t✐♦♥❛❧ ♠♦t✐♦♥s ♦❢
t✇♦ s♣❤❡r✐❝❛❧ ✐♥t❡r❛❝t✐♥❣ ❜✉❜❜❧❡s✱ s❝❤❡♠❛t✐❝❛❧❧② s❤♦✇♥
✐♥ ❋✐❣✉r❡ ✶✱ ✐♥ ❛ str♦♥❣ ❛❝♦✉st✐❝ ✜❡❧❞ ❤❛✈❡ ❜❡❡♥ ❞❡r✐✈❡❞
❜② ❉♦✐♥✐❦♦✈ ❬✷✵❪ ❛s✿
(
1−
R˙1
c
)
R1R¨1 +
(
3
2
−
R˙1
2c
)
R˙2
1
−
1
ρ
(
1 +
R˙1
c
)
p1
−
R1
ρc
dp1
dt
=
x˙2
1
4
−
R2
2
R¨2 + 2R2R˙
2
2
D
+
R2
2
(
x˙1R˙2 +R2x¨2 + 5R˙2x˙2
)
2D2
−
R3
2
x˙2 (x˙1 + 2x˙2)
2D3
✭✶✮
(
1−
R˙2
c
)
R2R¨2 +
(
3
2
−
R˙2
2c
)
R˙2
2
−
1
ρ
(
1 +
R˙2
c
)
p2
−
R2
ρc
dp2
dt
=
x˙2
2
4
−
R2
1
R¨1 + 2R1R˙
2
1
D
+
R2
1
(
x˙2R˙1 +R1x¨1 + 5R˙1x˙1
)
2D2
−
R3
1
x˙1 (x˙2 + 2x˙1)
2D3
✭✷✮
R1x¨1
3
+ R˙1x˙1 +
1
D2
d
dt
(
R1R
2
2
R˙2
)
−
R2
2
(
R1R2x¨2 +R2R˙1x˙2 + 5R1R˙2x˙2
)
D3
=
Fex,1
2πρR2
1
✭✸✮
R2x¨2
3
+ R˙2x˙2 +
1
D2
d
dt
(
R2R
2
1
R˙1
)
−
R2
1
(
R1R2x¨1 +R1R˙2x˙1 + 5R2R˙1x˙1
)
D3
=
Fex,2
2πρR2
2
✭✹✮
✇❤❡r❡ Ri✱ R˙i✱ ❛♥❞ R¨i ❛r❡ t❤❡ r❛❞✐✉s✱ r❛❞✐❛❧ ✈❡❧♦❝✐t②✱
❛♥❞ r❛❞✐❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ ❜✉❜❜❧❡ i✳ xi✱ x˙i✱ ❛♥❞ x¨i ❛r❡ t❤❡
♣♦s✐t✐♦♥✱ ✈❡❧♦❝✐t②✱ ❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ❝❡♥t❡r ♦❢ ❜✉❜✲
❜❧❡ i r❡s♣❡❝t✐✈❡❧②✳ c ✐s t❤❡ s♣❡❡❞ ♦❢ s♦✉♥❞ ✐♥ t❤❡ ❧✐q✉✐❞✳
ρ ✐s t❤❡ ❞❡♥s✐t② ♦❢ ❧✐q✉✐❞✳ D = x2 − x1 ✐s t❤❡ ❞✐st❛♥❝❡
❜❡t✇❡❡♥ t❤❡ ❜✉❜❜❧❡ ❝❡♥t❡rs✳ ❊q✉❛t✐♦♥s ✭✶✮ ❛♥❞ ✭✷✮ ❞❡✲
✜♥❡ t❤❡ r❛❞✐❛❧ ♠♦t✐♦♥ ♦❢ ❜✉❜❜❧❡s ✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②
❛♥❞ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❑❡❧❧❡r✲▼✐❦s✐s ♠♦❞❡❧ ❬✷✹❪✱ ✇❤✐❝❤ ✐s
❛❞❡q✉❛t❡ ❢♦r ❧❛r❣❡ ❡①t❡r♥❛❧ ❛♠♣❧✐t✉❞❡s ❛♥❞ ❛❝❝♦✉♥ts ❢♦r
t❤❡ ❛❝♦✉st✐❝ r❛❞✐❛t✐♦♥ ❢r♦♠ ❡❛❝❤ ❜✉❜❜❧❡✳ ❊q✉❛t✐♦♥s ✭✸✮
❛♥❞ ✭✹✮ ❞❡✜♥❡ t❤❡ tr❛♥s❧❛t✐♦♥❛❧ ♠♦t✐♦♥ ♦❢ ❜✉❜❜❧❡ ✶ ❛♥❞
✷ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ♣r❡ss✉r❡s pi ❛r❡ ❣✐✈❡♥ ❜②
pi =Pgi,0
(
Ri0
Ri
)3κ
+ pv −
2σ
Ri
−
4µR˙i
Ri
−
P0 − ρghi + Pa sin (2πft) ✭✺✮
✇❤❡r❡ t❤❡ ✐♥✐t✐❛❧ ❣❛s ♣r❡ss✉r❡ ✐♥ ❜✉❜❜❧❡ i ✐s Pgi,0 =
P0 + pv + ρghi + 2σ/Ri0✳ P0 ✐s t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
❛♥❞ ✐s ❡q✉❛❧ t♦ ✶ ❜❛r✱ κ ✐s t❤❡ ♣♦❧②tr♦♣✐❝ ❡①♣♦♥❡♥t✱ pv
✐s t❤❡ ✈❛♣♦r ♣r❡ss✉r❡ ♦❢ t❤❡ ❧✐q✉✐❞✱ g ✐s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧
❛❝❝❡❧❡r❛t✐♦♥✱ hi ✐s t❤❡ ❞❡♣t❤ ♦❢ ❜✉❜❜❧❡ i ❜❡❧♦✇ t❤❡ ❧✐q✉✐❞
❢r❡❡ s✉r❢❛❝❡✱ σ ✐s t❤❡ s✉r❢❛❝❡ t❡♥s✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❧✐q✉✐❞
❛♥❞ ❜✉❜❜❧❡ ❣❛s✱ Ri0 ❛♥❞ R˙i0 ❛r❡ t❤❡ ✐♥✐t✐❛❧ r❛❞✐✉s ❛♥❞
r❛❞✐❛❧ ✈❡❧♦❝✐t② ❢♦r ❜✉❜❜❧❡ i✱ µ ✐s t❤❡ ❞②♥❛♠✐❝ ✈✐s❝♦s✐t② ♦❢
t❤❡ ❧✐q✉✐❞✱ Pa ✐s t❤❡ ❛♠♣❧✐t✉❞❡ ♦❢ t❤❡ ❡①t❡r♥❛❧ ♣r❡ss✉r❡
✜❡❧❞✱ ❛♥❞ f ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ❡①t❡r♥❛❧ ✜❡❧❞✳ ❲❤✐❧❡
t❤❡ ♣r❡ss✉r❡ t❡r♠ ρghi ♠❛② ❜❡ ❧❡ss ✐♠♣♦rt❛♥t ✐♥ ✇❛t❡r✱
✐t ❝❛♥♥♦t ❜❡ ✐❣♥♦r❡❞ ❢♦r ❞❡♥s❡r ❧✐q✉✐❞s ❧✐❦❡ ❛❧✉♠✐♥✉♠✳
Pr♦s♣❡r❡tt✐ ❞❡♠♦♥str❛t❡❞ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ♣♦❧②tr♦♣✐❝
❡①♣♦♥❡♥t κ ✐s str♦♥❣❧② ❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ❞r✐✈✐♥❣ ❢r❡✲
q✉❡♥❝② ❬✷✺❪✳ ❩❤❛♥❣ r❡✲❞❡r✐✈❡❞ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ♣♦❧②✲
tr♦♣✐❝ ❡①♣♦♥❡♥t t❤❛t ✐s ❛♣♣❧✐❝❛❜❧❡ t♦ ❢♦r❝✐♥❣ s✐❣♥❛❧s ♦❢
❧❛r❣❡ ❢r❡q✉❡♥❝✐❡s ❛♥❞ s✐♠♣❧✐✜❡❞ ✐t ❛s ❬✷✻❪
κ =
1
3
Re (Φ) ✭✻✮
Φ ✐s ❣✐✈❡♥ ❜②
Φ =
3γ
1− 3 (γ − 1) iχ
[
(i/χ)
1/2
coth (i/χ)
1/2
− 1
] ✭✼✮
✸✇❤❡r❡
χ = Dg,p/
(
2πfR2
0
)
✭✽✮
Dg,p ✐s t❤❡ t❤❡r♠❛❧ ❞✐✛✉s✐✈✐t② ♦❢ t❤❡ ❣❛s ❛t ❝♦♥st❛♥t
♣r❡ss✉r❡✳ R0 ✐s t❤❡ ❡q✉✐❧✐❜r✐✉♠ r❛❞✐✉s ♦❢ t❤❡ ❣❛s ❜✉❜❜❧❡✳
γ = 1.4054 ✐s t❤❡ r❛t✐♦ ♦❢ s♣❡❝✐✜❝ ❤❡❛t ❝❛♣❛❝✐t✐❡s ❢♦r
❤②❞r♦❣❡♥✳ ❊q✉❛t✐♦♥ ✭✼✮ ✐s ✈❛❧✐❞ ♦♥❧② ✇❤❡♥ G1G2 ≪ 1✱ ❛
❝♦♥❞✐t✐♦♥ t❤❛t ✐s ♠❡t ✐♥ ♠♦st ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥s✱ ✇❤❡r❡
G1 = 2πMgDg,pf/(RgT∞) ✭✾✮
G2 = 1/(γχ) ✭✶✵✮
Mg ✐s t❤❡ ♠♦❧❡❝✉❧❛r ✇❡✐❣❤t ♦❢ t❤❡ ❣❛s ❜✉❜❜❧❡✱ Rg ✐s
t❤❡ ✉♥✐✈❡rs❛❧ ❣❛s ❝♦♥st❛♥t✱ ❛♥❞ T∞ ✐s t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢
t❤❡ ❧✐q✉✐❞ ❢❛r ❢r♦♠ t❤❡ ❜✉❜❜❧❡✳
❚❤❡ ❡①t❡r♥❛❧ ❢♦r❝❡s Fex,i ❡①❡rt❡❞ ♦♥ ❜✉❜❜❧❡ i ❛r❡ ❡q✉❛❧
t♦ t❤❡ ▲❡✈✐❝❤ ✈✐s❝♦✉s ❞r❛❣ ❬✷✼❪ ❛♥❞ ❛r❡ ❣✐✈❡♥ ❜②
Fex,i = −12πµRi (x˙i − v3−i) ✭✶✶✮
✇❤❡r❡ vi ✐s t❤❡ ❧✐q✉✐❞ ✈❡❧♦❝✐t② ❣❡♥❡r❛t❡❞ ❜② t❤❡ it❤
❜✉❜❜❧❡ ❛t t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♦t❤❡r ❜✉❜❜❧❡✳ ❚❤✐s ✈❡❧♦❝✐t②
✐s ❡①♣❛♥❞❡❞ t♦
vi = −
(−1)
−1
R2i R˙i
D2
+
R3i x˙i
D3
✭✶✷✮
✉♣ t♦ t❤❡ ♦r❞❡r D−3✳
❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② fi0 ♦❢ ❛ ❜✉❜❜❧❡ i ✇✐t❤ ❛♥ ❡q✉✐✲
❧✐❜r✐✉♠ r❛❞✐✉s Rio ✐s ❣✐✈❡♥ ❜② t❤❡ ▼✐♥♥❛❡rt r❡❧❛t✐♦♥s❤✐♣
❬✷✽❪
fi0 =
1
2πRi0
√
1
ρ
[
3κpgi,0 −
2σ
Ri0
]
✭✶✸✮
■■■✳ ❘❊❙❯▲❚❙ ❆◆❉ ❉■❙❈❯❙❙■❖◆❙
❆✳ ❋r❡q✉❡♥❝② ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❝♦❛❧❡s❝❡♥❝❡
❚✇♦ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ✐♥ ❧✐q✉✐❞ ❛❧✉♠✐♥✉♠ ❛t T∞ =
700 ◦C ❛♥❞ s✉❜❥❡❝t❡❞ t♦ ❛♥ ❡①t❡r♥❛❧ ✜❡❧❞ ✇✐t❤ ❢r❡q✉❡♥❝②
✐♥ t❤❡ r❛♥❣❡ 16 kHz ≤ f ≤ 30 kHz ❛r❡ ❝♦♥s✐❞❡r❡❞✳
❚❤❡ ♠❛t❡r✐❛❧ ♣r♦♣❡rt✐❡s ❢♦r ❧✐q✉✐❞ ❛❧✉♠✐♥✉♠ ❛r❡ ρ =
2375 kg m−3✱ σ = 0.860 Nm−1✱ µ = 0.001 kg m−1 s−1✱
pv = 0.000 012Pa ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♠✐♥✉t❡ ♣r❡s✲
❡♥❝❡ ♦❢ ❛❧✉♠✐♥✉♠ ✈❛♣♦r ✐♥ t❤❡ ❜✉❜❜❧❡✱ c = 4600m s−1✱
Dg,p = 1.7×10
−4 m2 s−1✱ ❛♥❞ κ ✐s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❡q✉❛✲
t✐♦♥ ✭✻✮ s✐♥❝❡ G1G2 ≪ 1 ❢♦r t❤❡ r❛♥❣❡ ♦❢ ❢r❡q✉❡♥❝✐❡s ❛♥❞
r❛❞✐✐ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s st✉❞②✳ ❚❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ❝♦♠✲
♠♦♥❧② ♠❡t ❜② ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣s ❢♦r ✇❤✐❝❤ ♠❡❛s✉r❡❞
❋✐❣✉r❡ ✷✿ ❘❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ❢♦r ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ♦❢
❞✐✛❡r❡♥t r❛❞✐✐ ✐♥ ❧✐q✉✐❞ ❛❧✉♠✐♥✉♠✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡
s❤♦✇s t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✈❛r✐❛t✐♦♥ ❛t ❛ ❢♦r❝✐♥❣
❢r❡q✉❡♥❝② f ♦❢ 16.0 kHz ✉s✐♥❣ t❤❡ ❛❞✐❛❜❛t✐❝ ❝♦♥❞✐t✐♦♥
κ = γ✳
❛❝♦✉st✐❝ ♣r❡ss✉r❡s ❛♥❞ ❢r❡q✉❡♥❝② s♣❡❝tr❛ ❛r❡ ❛✈❛✐❧❛❜❧❡
❬✷✾❪✳
❚❤❡ ✈❛r✐❛t✐♦♥ ♦❢ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ✇✐t❤ ❜✉❜❜❧❡ r❛✲
❞✐✉s ❢♦r t❤❡ r❛♥❣❡ 1 ➭m < Ri0 < 1 mm ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✷✳ ❘❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ❢♦r t❤✐s r❛♥❣❡ ♦❢ ❜✉❜❜❧❡ r❛❞✐✐ ✐s
❝♦✈❡r❡❞ ❜② t❤❡ ❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ ❝❛❧✐❜r❛t❡❞ ❝❛✈✐t♦♠❡t❡r
✉s❡❞ ✐♥ t❤✐s st✉❞② ❬✸✵❪✳ ◆♦t❡ t❤❛t ❛ss✉♠✐♥❣ ❛❞✐❛❜❛t✐❝
❜✉❜❜❧❡ ♦s❝✐❧❧❛t✐♦♥s ✭κ = γ✮ ❧❡❛❞s t♦ ❛♥ ♦✈❡r✲❡st✐♠❛t✐♦♥
♦❢ t❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ❢♦r r❛❞✐✐ ❧❛r❣❡r t❤❛♥ 10 ➭m✱ ❛s
s❤♦✇♥ ❜② t❤❡ ❞♦tt❡❞ ❧✐♥❡❀ ❤♦✇❡✈❡r✱ t❤❡ ❛❞✐❛❜❛t✐❝ ❛♣♣r♦①✲
✐♠❛t✐♦♥ ✐s ✈❛❧✐❞ ❢♦r ❜✉❜❜❧❡s ♦❢ r❛❞✐✐ s♠❛❧❧❡r t❤❛♥ 10 ➭m✳
❚❤❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝② ♦❢ ❜✉❜❜❧❡s ✐s ❛❧s♦ ✐♥❞❡♣❡♥❞❡♥t ♦❢
t❤❡ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ✈❛❧✉❡ ✇❤❡♥ Ri0 < 10 ➭m✳
❚❤❡ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s ✭✶✮✱ ✭✷✮✱ ✭✸✮✱ ❛♥❞ ✭✹✮ ✐s s♦❧✈❡❞
✐♥ t❤❡ s♦❢t✇❛r❡ ♣❛❝❦❛❣❡ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛ ✶✵ ❬✸✶❪ ❢♦r
✶✺✵ ❛❝♦✉st✐❝ ❝②❝❧❡s✱ ✇✐t❤ R10 = R20 s❡t t♦ ✈❛r② ✇✐t❤✐♥
t❤❡ ❛❜♦✈❡ r❛❞✐✉s r❛♥❣❡✳ ▲♦♥❣❡r r✉♥s ✭✸✵✵ ❝②❝❧❡s✮ ✐♥ t❤❡
17.7 kHz s❡t ❞✐❞ ♥♦t r❡✈❡❛❧ t❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ ❛❞❞✐t✐♦♥❛❧
❝♦❛❧❡s❝❡♥❝❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s ✇❛s ❧✐♠✐t❡❞ t♦ ✶✺✵
❢♦r ❛❧❧ ♦t❤❡r ❢r❡q✉❡♥❝✐❡s t♦ r❡❞✉❝❡ t❤❡ r✉♥ t✐♠❡ ♦❢ t❤❡
s♦❧✈❡r✳ ❚❤❡ ✐♥✐t✐❛❧ ❞✐st❛♥❝❡s D [t = 0] ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s
st✉❞② ❛r❡ ✐♥ t❤❡ r❛♥❣❡ 0.1 mm t♦ 2.0 mm✱ ❝♦rr❡s♣♦♥❞✲
✐♥❣ t♦ t②♣✐❝❛❧ s❡♣❛r❛t✐♦♥ ❞✐st❛♥❝❡s ❢♦r ♦s❝✐❧❧❛t✐♥❣ ❜✉❜❜❧❡s
❬✶✷✱ ✶✼❪✳ ❋✐❣✉r❡ ✸ s❤♦✇s t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s t❛❦❡♥ ❢♦r
❝♦❛❧❡s❝❡♥❝❡ t♦ ♦❝❝✉r ✭✇❤❡♥ D < R1 +R2✮✳
■♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ 16 kHz ≤ f ≤ 20 kHz ✭❋✐❣✉r❡s
✸ ✭❛✮✲✭❝✮✮✱ ❝♦❛❧❡s❝❡♥❝❡ r❡❛❞✐❧② ♦❝❝✉rs ❢♦r ❛❧❧ ❜✉❜❜❧❡s ✇✐t❤
✐♥✐t✐❛❧ s❡♣❛r❛t✐♦♥ ❧❡ss t❤❛♥ 2 mm✱ ✐♥❞✐❝❛t✐♥❣ t❤❡ ❡①✐st❡♥❝❡
❛ str♦♥❣ ❛ttr❛❝t✐✈❡ ❢♦r❝❡ ❜❡t✇❡❡♥ t❤❡s❡ ❜✉❜❜❧❡s✳ ❈♦❛❧❡s✲
❝❡♥❝❡ t❛❦❡s ♠♦r❡ t✐♠❡✱ ♦❢ t❤❡ ♦r❞❡r ♦❢ ✷✵ ❛❝♦✉st✐❝ ❝②❝❧❡s✱
❢♦r ❜✉❜❜❧❡s ♦❢ ✐♥✐t✐❛❧ s❡♣❛r❛t✐♦♥ ♦❢ 2 mm ❛♥❞ ✐♥✐t✐❛❧ r❛❞✐✐
♦❢ 100 ➭m✳ ❚❤❡s❡ ❜✉❜❜❧❡s✱ ✇✐t❤ ✐♥✐t✐❛❧ r❡s♦♥❛♥t ❢r❡q✉❡♥✲
❝✐❡s ♦❢ ✸✳✽ kHz✱ ❛r❡ ❧❡ss r❡s♣♦♥s✐✈❡ t♦ t❤❡ ❡✛❡❝t ♦❢ t❤❡
❢♦r❝✐♥❣ s✐❣♥❛❧ ♦❢ t❤❡ s♦♥♦tr♦❞❡✳
✹❋✐❣✉r❡ ✸✿ ❈♦❛❧❡s❝❡♥❝❡ ♠❛♣s ❢♦r Pa = 1.0 ▼P❛ ❢♦r ❞✐✛❡r❡♥t s♦♥♦tr♦❞❡ ❢r❡q✉❡♥❝✐❡s f ✳ ✭❛✮ f = 16.0 kHz✳ ✭❜✮ f =
18.0 kHz✳ ✭❝✮ f = 20.0 kHz✳ ✭❞✮ f = 22.0 kHz✳ ✭❡✮ f = 24.0 kHz✳ ✭❢✮ f = 26.0 kHz✳ ✭❣✮ f = 28.0 kHz✳ ✭❤✮ f =
30.0 kHz✳ ❚❤❡ ❝♦♥t♦✉rs r❡♣r❡s❡♥t t❤❡ ♥✉♠❜❡r ♦❢ ❛❝♦✉st✐❝ ❝②❝❧❡s ❛❢t❡r ✇❤✐❝❤ ❝♦❛❧❡s❝❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞✳
▲❛r❣❡r ❢r❡q✉❡♥❝✐❡s ✭❋✐❣✉r❡s ✸ ✭❞✮✲✭❢✮✮ ♦✛❡r ❧❛r❣❡r ❝♦✲
❛❧❡s❝❡♥❝❡ t✐♠❡s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ♣r❡✈✐♦✉s ❢r❡q✉❡♥❝②
r❛♥❣❡✳ ❲❤✐❧❡ t❤❡ ❜❡❤❛✈✐♦r ❛t t❤❡ s♠❛❧❧❡st ✐♥✐t✐❛❧ ❞✐s✲
t❛♥❝❡ ✭0.7 mm✮ ♦r ❧❡ss ✐s ✐❞❡♥t✐❝❛❧✱ ❧❛r❣❡r s❡♣❛r❛t✐♦♥s ❧❡❛❞
t♦ ♠✉❝❤ s❧♦✇❡r ❝♦❛❧❡s❝❡♥❝❡ r❛t❡s✳ ❚❤❡r❡❢♦r❡✱ ❢♦r❝✐♥❣ ❢r❡✲
q✉❡♥❝✐❡s ❧♦✇❡r t❤❛♥ 20 kHz ❛r❡ ❡①♣❡❝t❡❞ t♦ ❜❡ ♠♦r❡ ❡✣✲
❝✐❡♥t ❢♦r ❝♦❛❧❡s❝✐♥❣ ❜✉❜❜❧❡s ❛♥❞ ✐♥❝r❡❛s✐♥❣ t❤❡ ❞❡❣❛ss✐♥❣
r❛t❡ ♦❢ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s ❢r♦♠ t❤❡ ❛❧✉♠✐♥✉♠ ♠❡❧t✳
❇✳ ❆❝♦✉st✐❝ s♣❡❝tr❛ ❛t f = 17.7 kHz
❚❤❡ ❡①♣❡r✐♠❡♥t❛❧❧② ♠❡❛s✉r❡❞ ❢r❡q✉❡♥❝② ❡♠✐ss✐♦♥s
❢r♦♠ ❛ tr❡❛t❡❞ ✈♦❧✉♠❡ ♦❢ ❛❧✉♠✐♥✉♠ ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡
✹✳ ✺✳✷ ❦❣ ♦❢ ❛❧✉♠✐♥✉♠✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ 2 L ♦❢ ♠❡❧t✱ ✇❛s
♠❡❧t❡❞ ❛♥❞ ❤❡❛t❡❞ ✐♥ ❛ ❝❧❛②✲❣r❛♣❤✐t❡ ❝r✉❝✐❜❧❡ ♦❢ ❞✐❛♠❡✲
t❡r 15 cm✳ ❆ 20 mm ♣r❡❤❡❛t❡❞ s♦♥♦tr♦❞❡ ✇❛s ✐♠♠❡rs❡❞
❛t ❛ ❞❡♣t❤ h = 20 mm ❜❡❧♦✇ t❤❡ ❢r❡❡ s✉r❢❛❝❡✳ ❚❤❡ ♠❡❧t
✇❛s tr❡❛t❡❞ ✇✐t❤ ✉❧tr❛s♦✉♥❞ ❛t ❛ ♣♦✇❡r ♦❢ ✸✳✺ ❦❲✱ ❝♦r✲
r❡s♣♦♥❞✐♥❣ t♦ ❛ ♣r❡ss✉r❡ ♦❢ ✶✳✵ ▼P❛ ❜❡❧♦✇ t❤❡ r❛❞✐❛t✐♥❣
❤♦r♥ ❬✸✷❪ ❛♥❞ ❛ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ♦❢ 17.7 kHz✳ ❚❤❡ ❢r❡✲
q✉❡♥❝② ❡♠✐ss✐♦♥s ❤❛✈❡ ❜❡❡♥ ♠❡❛s✉r❡❞ ✇✐t❤ ❛ ❝❛❧✐❜r❛t❡❞
❝❛✈✐t♦♠❡t❡r ❬✸✵❪ ✇✐t❤ t❤❡ t✐♣ ✐♠♠❡rs❡❞ ✺ ❝♠ ❜❡❧♦✇ t❤❡
❤♦r♥ ✭❋✐❣✉r❡ ✹❛✮ ❛♥❞ ♦✉ts✐❞❡ t❤❡ ❝r✉❝✐❜❧❡ ✇✐t❤ ❛♥ ✉❧tr❛✲
s♦✉♥❞ ♠✐❝r♦♣❤♦♥❡ ✭❋✐❣✉r❡ ✹❜✮✳ ❚❤❡ ✉❧tr❛s♦♥✐❝ ♠✐❝r♦✲
♣❤♦♥❡ ❤❛s ❛ s❛♠♣❧✐♥❣ r❛t❡ ♦❢ ✷✺✵ ❑ ♣❡r s❡❝♦♥❞ ❛♥❞ ❛
❢r❡q✉❡♥❝② r❛♥❣❡ ✉♣ t♦ ✶✷✺ ❦❍③ ❬✸✸❪✳
❇❛s❡❞ ♦♥ t❤❡s❡ ❢r❡q✉❡♥❝② ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ r❛❞✐✐ t❤❛t
❛r❡ ❧✐st❡❞ ✐♥ ❚❛❜❧❡ ■ ❛r❡ ♦❢ ✐♥t❡r❡st✳ ❚❤❡ s✉❜❤❛r♠♦♥✐❝
✭8.9 kHz✮✱ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ✭17.7 kHz✮✱ ❛♥❞ ✜rst ✉❧tr❛✲
❤❛r♠♦♥✐❝ ✭26.6 kHz✮ ❛r❡ t❤❡ ♣r♦♠✐♥❡♥t ❧♦✇ ❢r❡q✉❡♥❝②
♣❡❛❦s ❛s ♠❡❛s✉r❡❞ ❜② ❜♦t❤ t❤❡ ❝❛✈✐t♦♠❡t❡r ❛♥❞ t❤❡ ♠✐✲
❝r♦♣❤♦♥❡✳ ❇✉❜❜❧❡s ♦❢ r❛❞✐✐ ✽✵ ➭m✱ ✻✹ ➭m ✱ ❛♥❞ ✺✹ ➭m ❛r❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ ❧♦✇ ❢r❡q✉❡♥❝✐❡s✳ ❚❤❡ ❤✉♠♣ ❢r♦♠
190 kHz t♦ 400 kHz ✐♥ t❤❡ ❝❛✈✐t♦♠❡t❡r ♣r♦❜❡ ♠❡❛s✉r❡✲
♠❡♥t ✐♥❞✐❝❛t❡s ❛♥♦t❤❡r r❡❣✐♦♥ ♦❢ ❛❝t✐✈✐t②✳ ❚✇♦ r❡♣r❡s❡♥✲
t❛t✐✈❡ ❜✉❜❜❧❡s ♦❢ ✶✺ ➭m ❛♥❞ ✽✳✹ ➭m ❛r❡ st✉❞✐❡❞ t♦ r❡✢❡❝t
t❤✐s ❢r❡q✉❡♥❝② r❛♥❣❡✳ ❋✐♥❛❧❧②✱ t❤❡ ❧❛r❣❡st ♥♦t✐❝❡❛❜❧❡ ♣❡❛❦
♦❢ 1.04 MHz ✐s ❣❡♥❡r❛❧❧② ❛ttr✐❜✉t❡❞ t♦ st❛❜❧❡ ❝❛✈✐t❛t✐♥❣
❜✉❜❜❧❡s ❛t ❧♦✇ ❢♦r❝✐♥❣ ♣r❡ss✉r❡s ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ t❤❡
❝❛✈✐t❛t✐♦♥ ❜r♦❛❞❜❛♥❞ ♥♦✐s❡✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s t♦ ❜✉❜❜❧❡s
♦❢ r❛❞✐✉s ✹✳✶ ➭m✳ ❚❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ♦❢ ✢♦✇ ❝♦♥s✐❞✲
❡r✐♥❣ t❤❡ r❛❞✐❛❧ ♦s❝✐❧❧❛t✐♦♥s ✐s ❣✐✈❡♥ ❜② Re = 2πρR2i fi/µ✳
❋❧♦✇ ❛r♦✉♥❞ t❤❡ ❜✉❜❜❧❡s ✐s ✇❡❧❧ ✐♥t♦ t❤❡ ❧❛♠✐♥❛r r❡❣✐♠❡✳
❲✐t❤ ❛♥ ✐♥✐t✐❛❧ s❡♣❛r❛t✐♦♥ ♦❢ 1 mm✱ t❤❡ ❜✉❜❜❧❡s ❝♦✲
❛❧❡s❝❡ r❛♣✐❞❧②✱ ✇✐t❤✐♥ ❛ ❢❡✇ ❛❝♦✉st✐❝ ❝②❧❡s ❛s s❤♦✇♥ ✐♥
❋✐❣✉r❡ ✺✳ ❈♦❛❧❡s❝❡♥❝❡ ❧❡❛❞s t♦ ❧❛r❣❡r✱ ❧♦✇❡r ❢r❡q✉❡♥❝②
❜✉❜❜❧❡s ✇❤✐❝❤ ✇✐❧❧ ❧❡❛✈❡ t❤❡ ❞♦♠❛✐♥ t❤r♦✉❣❤ ❜✉♦②❛♥❝②✿
t♦❣❡t❤❡r ✇✐t❤ r❡❝t✐✜❡❞ ❞✐✛✉s✐♦♥ ✖ t❤❡ ❣r❛❞✉❛❧ ✐♥❝r❡❛s❡
✐♥ ❣❛s ❝♦♥t❡♥t ✐♥s✐❞❡ t❤❡ ❜✉❜❜❧❡ ❛s ✐t ♣✉❧s❛t❡s ✖✱ t❤✐s ✐s
✺✭❛✮ ✭❜✮
❋✐❣✉r❡ ✹✿ ❋r❡q✉❡♥❝② s♣❡❝tr❛ ♠❡❛s✉r❡❞ ✐♥ t❤❡ ❛❧✉♠✐♥✉♠ ❝r✉❝✐❜❧❡ ❡①♣❡r✐♠❡♥t✳ ✭❛✮ ❈❛✈✐t♦♠❡t❡r ♣r♦❜❡ ❢r❡q✉❡♥❝②
r❡s♣♦♥s❡ ✇❤❡♥ ♣❧❛❝❡❞ 5 cm ❜❡❧♦✇ t❤❡ s♦♥♦tr♦❞❡ ❛①✐s✳ ❚❤❡ t✇♦ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ❢r❡q✉❡♥❝② ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡
❤✉♠♣ ✐♥ t❤❡ ❝❛✈✐t♦♠❡t❡r r❡s♣♦♥s❡ ✭✶✾✵✕✹✵✵ kHz✮✳ ❚❤❡ ❧❛r❣❡st ♣❡❛❦ ✐♥ t❤❡ MHz r❡❣✐♦♥ ✐s ❛♥♥♦t❛t❡❞✳ ✭❜✮ ❋r❡q✉❡♥❝②
r❡s♣♦♥s❡ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ✉❧tr❛s♦♥✐❝ ♠✐❝r♦♣❤♦♥❡ r❡❝♦r❞✐♥❣✳
❚❛❜❧❡ ■✿ ❘❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s✱ ❛ss♦❝✐❛t❡❞ ❜✉❜❜❧❡ r❛❞✐✐✱ ❛♥❞ ❘❡②♥♦❧❞s ♥✉♠❜❡r ❢♦r ✢♦✇s ❞✉❡ t♦ ❜✉❜❜❧❡ r❛❞✐❛❧
♦s❝✐❧❧❛t✐♦♥s✳
❘❡s♦♥❛♥t ❢r❡q✉❡♥❝② fi0 kHz ❘❡s♦♥❛♥t ❜✉❜❜❧❡ r❛❞✐✉s Ri0 ➭m ❘❡②♥♦❧❞s ♥✉♠❜❡r Re
✽✳✾ ✽✵ ✽✺✵
✶✼✳✼ ✻✹ ✶✶✵✵
✷✻✳✻ ✺✺ ✶✷✵✵
✶✾✵ ✶✺ ✻✼✵
✹✵✵ ✽✳✹ ✹✷✵
✶✵✹✵ ✹✳✶ ✷✻✵
❛ ♣❤❡♥♦♠❡♥♦♥ ❧❡❛❞✐♥❣ t♦ ✉❧tr❛s♦♥✐❝ ❞❡❣❛ss✐♥❣ ❬✶❪✳ ❚❤✐s
❡✛❡❝t ✐s ♣❛rt✐❝✉❧❛r❧② ❢❛st ❢♦r ❧❛r❣❡ ❜✉❜❜❧❡s✱ ✇❤❡r❡ ❝♦❛❧❡s✲
❝❡♥❝❡ ✐s ❛❝❤✐❡✈❡❞ ✇✐t❤✐♥ ❛ ❢❡✇ ❛❝♦✉st✐❝ ❝②❝❧❡s✳ ❚❤❡ ✐♥✐t✐❛❧
s❡♣❛r❛t✐♦♥ ❜❡t✇❡❡♥ ❜✉❜❜❧❡s ✐s t❤❡r❡❢♦r❡ ❛♥ ❡ss❡♥t✐❛❧ ♣❛✲
r❛♠❡t❡r t❤❛t ❞❡t❡r♠✐♥❡s ✇❤❡t❤❡r t❤❡ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s
❛r❡ ❧✐❦❡❧② t♦ s✉r✈✐✈❡ ♦♥ t❤❡✐r ♦✇♥✱ ♦r ❝♦❛❧❡s❝❡✳
❚❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ✐s ♦❜s❡r✈❡❞ ✇✐t❤ ❧❛r❣❡r s❡♣❛r❛t✐♦♥s
♦❢ 2 mm ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❍♦✇❡✈❡r✱ ❜✉❜❜❧❡s ♦❢ ✐♥✐✲
t✐❛❧ r❛❞✐✐ ✐♥ r❡s♦♥❛♥❝❡ ✐♥ s✉❜ ❛♥❞ ✉❧tr❛✲❤❛r♠♦♥✐❝s s✉r✲
✈✐✈❡ ❢♦r ❧♦♥❣❡r✱ ✇❤✐❧❡ ❜✉❜❜❧❡s ✇❤♦s❡ r❡s♦♥❛♥t ❢r❡q✉❡♥❝②
♠❛t❝❤❡s t❤❡ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ♦❢ t❤❡ s♦♥♦tr♦❞❡ ❝♦❛❧❡s❝❡
♠✉❝❤ ❢❛st❡r ✭❋✐❣✉r❡ ✻❜✮✳ ❲✐t❤ t❤❡s❡ ♦❜s❡r✈❛t✐♦♥s✱ ✐t ❛♣✲
♣❡❛rs t❤❡ ✉s❡ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ♠❛② ❛✛❡❝t
t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ t❤❡ ♣r♦❝❡ss✱ ❡✐t❤❡r ❢♦r ❞❡❣❛ss✐♥❣ ♦r
❢♦r ❣r❛✐♥✲r❡✜♥✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s✳ ■t ✐s ❛❧s♦ ❡✈✐❞❡♥t t❤❛t ♥♦t
♦♥❧② t❤❡ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ✐s ✐♠♣♦rt❛♥t ✐♥ ❞❡s✐❣♥✐♥❣ ❛ s②s✲
t❡♠✱ ❜✉t ❛❧s♦ ✐ts ✈❛r✐♦✉s ❤❛r♠♦♥✐❝s✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡✜♥❡❞
❜② t❤❡ ❝r✉❝✐❜❧❡ ❣❡♦♠❡tr②✱ ❛♥❞ t❤❛t ❛r❡ ❧✐❦❡❧② t♦ r❡s♦♥❛t❡
✇✐t❤ ♣❛rt✐❝✉❧❛r ❜✉❜❜❧❡ s✐③❡s✳
❚❤❡ ♣r❡ss✉r❡ t❤❛t ✐s ❢❡❧t ❛t ❛ ❞✐st❛♥❝❡ D (t = 0) ❛✇❛②
❢r♦♠ t❤❡ ❜✉❜❜❧❡ ❝❡♥t❡r ❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ❋♦✉r✐❡r tr❛♥s✲
❢♦r♠s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✼✳ ▲❛r❣❡ ✈❛❧✉❡s ♦❢ ♣r❡ss✉r❡s✱ ♦❢
t❤❡ ♦r❞❡r ♦❢ MPa✱ ❛r❡ r❡❣✐st❡r❡❞ ❛ ❢❡✇ ♠✐❧❧✐♠❡t❡rs ❛✇❛②
❢r♦♠ t❤❡ ❝❛✈✐t❛t✐♥❣ ❜✉❜❜❧❡s✳ ❚❤❡s❡ s❤♦❝❦ ✇❛✈❡s ❛r❡ ❛
♣♦ss✐❜❧❡ ❝❛✉s❡ ❢♦r t❤❡ ❞✐sr✉♣t✐♦♥ ♦❢ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ s♦✲
❧✐❞✐✜❝❛t✐♦♥ ❢r♦♥t ✭✐♥❝❧✉❞✐♥❣ t❤❡ r✉♣t✉r❡ ♦❢ s❡❝♦♥❞❛r② ❞❡♥✲
❞r✐t❡ ❛r♠s ❬✶✹❪✮ ❛♥❞ t❤❡ r❛♥❞♦♠ ♦❝❝✉rr❡♥❝❡ ♦❢ ❝❛✈✐t❛t✐♦♥
✐♠♣❧♦s✐♦♥s ❝♦♥tr✐❜✉t✐♥❣ t♦ t❤❡ ❣r❛✐♥ r❡✜♥✐♥❣ ♣r♦❝❡ss ♦❢
t❤❡ tr❡❛t❡❞ ♠❡❧t✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❞♦♠✐♥❛♥t ❡✛❡❝t ♦❢
t❤❡ ❝❛✈✐t❛t✐♦♥✲✐♥❞✉❝❡❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦❢ ♥✉❝❧❡❛t✐♦♥ s✐t❡s
❬✶❪✳ ❊❛❝❤ ♣r❡ss✉r❡ s✐❣♥❛❧ ❛ttr✐❜✉t❡❞ t♦ ✉♥st❛❜❧❡ ❝❛✈✐t❛t✲
✐♥❣ ❜✉❜❜❧❡s ❝♦♥t❛✐♥s ❛ str♦♥❣ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❢♦r❝✐♥❣
❢r❡q✉❡♥❝② ✭17.7 kHz✮ ❛♥❞ ♦♥❧② ♠✐♥✉t❡ tr❛❝❡s ♦❢ ❤❛r♠♦♥✐❝s
❛♥❞ ❜r♦❛❞❜❛♥❞ ♥♦✐s❡✳ ❈❛✈✐t♦♠❡t❡rs r❡❣✐st❡r✐♥❣ s✐❣♥❛❧s
❛t t❤❡ ♠❡❣❛❤❡rt③ r❛♥❣❡ ❛r❡ t❤❡r❡❢♦r❡ ❧✐st❡♥✐♥❣ t♦ ❜✉❜❜❧❡s
t❤❛t ❛r❡ ✐♠♠❡❞✐❛t❡❧② ❝❧♦s❡ t♦ t❤❡✐r ✐♠♠❡rs❡❞ s✉r❢❛❝❡✳
❋✐❣✉r❡s ✼❛✱ ✼❝ ❛♥❞ ✼❡ s❤♦✇ t❤❛t ❜✉❜❜❧❡s ♦❢ ✐♥✐t✐❛❧ r❛❞✐✐
80 ➭m✱ 64 ➭m✱ ❛♥❞ 54 ➭m ❡♠✐t ✈❡r② ❧❛r❣❡ ♣r❡ss✉r❡s✱ ❧❛r❣❡r
t❤❛♥ ✺✳✵ MPa✳ ❚❤❡s❡ r❛❞✐✐ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❢♦r❝✐♥❣
❢r❡q✉❡♥❝② ❛♥❞ s✉❜✲ ❛♥❞ ✉❧tr❛✲❤❛r♠♦♥✐❝s✱ ❢♦r ✇❤✐❝❤ ❧❛r❣❡
❛♠♣❧✐t✉❞❡s ✇❡r❡ r❡❝♦r❞❡❞ ❜② t❤❡ ❝❛✈✐t♦♠❡t❡r ✭❋✐❣✉r❡ ✹❛✮✳
❆t t❤❡s❡ ❧❛r❣❡ s❡♣❛r❛t✐♦♥s✱ ❜✉❜❜❧❡ ♦s❝✐❧❧❛t✐♦♥s ❛r❡ ♥♦t
❞❛♠♣❡❞ ❜② t❤❡ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ t❤❡✐r ♥❡✐❣❤❜♦rs✱ ❧❡❛❞✐♥❣
t♦ ❧❛r❣❡ ❡♠✐tt❡❞ ♣r❡ss✉r❡s ❧♦❝❛❧❧②✳ ❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s
✈❡r② ♣r♦♠✐s✐♥❣ ❢♦r ❣❡♥❡r❛t✐♥❣ str♦♥❣ ❧♦❝❛❧ ✈❡❧♦❝✐t② ❥❡ts
t❤❛t ❝❛♥ ❞❡✲❛❣❣❧♦♠❡r❛t❡ ❝❧✉st❡rs ♦❢ ♥❛♥♦ ♣❛rt✐❝❧❡s ♦r
✻✭❛✮ ✭❜✮
✭❝✮ ✭❞✮
✭❡✮ ✭❢✮
❋✐❣✉r❡ ✺✿ ❙✉♠ ♦❢ ✐♥st❛♥t❛♥❡♦✉s ❜✉❜❜❧❡ r❛❞✐✐ ❛♥❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❜✉❜❜❧❡s ❢♦r Pa = 1.0 ▼P❛✱ f = 17.7 kHz✱ ❛♥❞
D (t = 0) = 1mm✳ ✭❛✮ R10 = R20 = 80➭m✳ f10 = f20 = 8.9 kHz✳ ✭❜✮ R10 = R20 = 64➭m✳ f10 = f20 = 17.7 kHz✳ ✭❝✮
R10 = R20 = 54➭m✳ f10 = f20 = 26.6 kHz✳ ✭❞✮ R10 = R20 = 15 ➭m✳ f10 = f20 = 200 kHz✳ ✭❡✮ R10 = R20 = 8.4 ➭m✳
f10 = f20 = 400 kHz✳ ✭❢✮ R10 = R20 = 4.1 ➭m✳ f10 = f20 = 1.04 MHz
✼✭❛✮ ✭❜✮
✭❝✮ ✭❞✮
✭❡✮ ✭❢✮
❋✐❣✉r❡ ✻✿ ❙✉♠ ♦❢ ✐♥st❛♥t❛♥❡♦✉s ❜✉❜❜❧❡ r❛❞✐✐ ❛♥❞ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ ❜✉❜❜❧❡s ❢♦r Pa = 1.0 ▼P❛✱ f = 17.7 kHz✱ ❛♥❞
D (t = 0) = 2mm✳ ✭❛✮ R10 = R20 = 80➭m✳ f10 = f20 = 8.9 kHz✳ ✭❜✮ R10 = R20 = 64➭m✳ f10 = f20 = 17.7 kHz✳ ✭❝✮
R10 = R20 = 54➭m✳ f10 = f20 = 26.6 kHz✳ ✭❞✮ R10 = R20 = 15 ➭m✳ f10 = f20 = 200 kHz✳ ✭❡✮ R10 = R20 = 8.4 ➭m✳
f10 = f20 = 400 kHz✳ ✭❢✮ R10 = R20 = 4.1 ➭m✳ f10 = f20 = 1.04 MHz✳
✽✭❛✮ ✭❜✮
✭❝✮ ✭❞✮
✭❡✮ ✭❢✮
✭❣✮ ✭❤✮
❋✐❣✉r❡ ✼✿ ❊♠✐tt❡❞ ♣r❡ss✉r❡ ❛t ✐♥✐t✐❛❧ s❡♣❛r❛t✐♦♥ ✭❧❡❢t ❝♦❧✉♠♥✮ ❛♥❞ ❛ss♦❝✐❛t❡❞ ❋❛st ❋♦✉r✐❡r ❚r❛♥s❢♦r♠ ✭r✐❣❤t ❝♦❧✉♠♥✮
❢♦r Pa = 1.0 ▼P❛✱ f = 17.7 kHz✱ ❛♥❞ D (t = 0) = 2mm✳ ✭❛✮✲✭❜✮ R10 = 80 ➭m✳ ✭❝✮✲✭❞✮ R10 = 64➭m✳ ✭❡✮✲✭❢✮ R10 =
54 ➭m✳ ✭❣✮✲✭❤✮ R10 = 4.1 ➭m✳
✾❜r❡❛❦ ❞❡♥❞r✐t❡s t♦ ❡♥❤❛♥❝❡ ❝♦❧✉♠♥❛r t♦ ❡q✉✐❛①✐❛❧ ❣r♦✇t❤
tr❛♥s✐t✐♦♥❀ ❜♦t❤ ♦❢ t❤❡s❡ ❡✛❡❝ts ❧❡❛❞ t♦ ❛ ✜♥❡r ❣r❛✐♥ str✉❝✲
t✉r❡✱ ✇❤✐❝❤ ✐s ❛ ❞❡s✐r❡❞ tr❛✐t ❢♦r s♦❧✐❞✐✜❡❞ ♠❡t❛❧s ❛♥❞
❛❧❧♦②s ❬✶❪✳
■❱✳ ❈❖◆❈▲❯❙■❖◆❙
■♥ t❤✐s ♣❛♣❡r✱ ❛ ♠♦❞❡❧ ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ❜❡❡♥
❡①t❡♥❞❡❞ ❛♥❞ ❛♣♣❧✐❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❞②♥❛♠✐❝s ♦❢ t✇♦
✐♥t❡r❛❝t✐♥❣ ❤②❞r♦❣❡♥ ❜✉❜❜❧❡s s✉❜❥❡❝t❡❞ t♦ ❛ str♦♥❣ ❛❝♦✉s✲
t✐❝ ✜❡❧❞ ✐♥ ❧✐q✉✐❞ ❛❧✉♠✐♥✉♠✳ ❚❤❡ r❡s✉❧ts s❤♦✇ t❤❛t ❧❛r❣❡
❢♦r❝✐♥❣ s✐❣♥❛❧s ♦❢ t❤❡ ♦r❞❡r ♦❢ ✶✳✵ MPa ❧❡❛❞ t♦ ❢❛st ❝♦❛❧❡s✲
❝❡♥❝❡ ✇✐t❤✐♥ t❤❡ ♠❡❧t✱ ♣❛rt✐❝✉❧❛r❧② ❢♦r ❢r❡q✉❡♥❝✐❡s ❧♦✇❡r
t❤❛♥ 22 kHz❀ t❤❡s❡ ❢r❡q✉❡♥❝② ✈❛❧✉❡s ❛r❡ ❢❛✈♦r❛❜❧❡ ❢♦r ❞❡✲
❣❛ss✐♥❣ ❛❧✉♠✐♥✐✉♠ ♠❡❧t✳ ❚❤❡ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t❤❡ ❡♠✐tt❡❞
❛❝♦✉st✐❝ ♣r❡ss✉r❡s ❢r♦♠ ✐s♦❧❛t❡❞ ❜✉❜❜❧❡s t❤❛t r❡s♦♥❛t❡
✇✐t❤ t❤❡ ❢♦r❝✐♥❣ ❢r❡q✉❡♥❝② ❛r❡ ❧✐❦❡❧② t♦ ♣r♦♠♦t❡ ❣r❛✐♥
r❡✜♥❡♠❡♥t ❜② ❞✐sr✉♣t✐♥❣ t❤❡ ❣r♦✇t❤ ♦❢ t❤❡ s♦❧✐❞✐✜❝❛t✐♦♥
❢r♦♥t✳
❆❈❑◆❖❲▲❊❉●▼❊◆❚❙
❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ t♦ t❤❡ ❯❑ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞
P❤②s✐❝❛❧ ❙❝✐❡♥❝❡s ❘❡s❡❛r❝❤ ❈♦✉♥❝✐❧ ✭❊P❙❘❈✮ ❢♦r ✜♥❛♥✲
❝✐❛❧ ❛ss✐st❛♥❝❡ ❢♦r t❤✐s r❡s❡❛r❝❤ ✐♥ ❝♦♥tr❛❝t ♥✉♠❜❡rs✿
❊P✴❑✵✵✺✽✽❳✴✶ ❛♥❞ ❊P✴❑✵✵✺✽✵✹✴✶✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❛✉t❤♦r ❛❧s♦ ✇✐s❤❡s t♦ ❛❝❦♥♦✇❧❡❞❣❡ t❤❡ ❋❛❝✉❧t② ♦❢ ❆r❝❤✐✲
t❡❝t✉r❡✱ ❈♦♠♣✉t✐♥❣ ❛♥❞ ❍✉♠❛♥✐t✐❡s ♦❢ t❤❡ ❯♥✐✈❡rs✐t② ♦❢
●r❡❡♥✇✐❝❤ ❢♦r ♣r♦✈✐❞✐♥❣ t❤❡ ❤❛r❞✇❛r❡ ❛♥❞ s♦❢t✇❛r❡ t❤❛t
✇❡r❡ r❡q✉✐r❡❞ ❢♦r t❤✐s ✇♦r❦ ✐♥ ❝♦♥tr❛❝t ♥✉♠❜❡r PP✵✵✵✷✳
❬✶❪ ●✳ ■✳ ❊s❦✐♥ ❛♥❞ ❉✳ ●✳ ❊s❦✐♥✱ ❯❧tr❛s♦♥✐❝ ❚r❡❛t♠❡♥t ♦❢
▲✐❣❤t ❆❧❧♦② ▼❡❧ts✱ ✷♥❞ ❡❞✳ ✭❈❘❈ Pr❡ss✱ ❯❙❆✱ ✷✵✶✹✮✳
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